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ABSTRACT 


This  report  contains  an  elastlc-plastlc  analysis  of  a  cylindrical 

tube  subjected  to  an  Internal  pressure  P  of  sufficient  magnitude  to 

J*  , 

*  *"'» 

la  assumed.  The  tube  la  considered  to  be  a  perfectly  plastic  material. 
Results  are  presented  In  graphical  form  for  the  open-end  tube,  since 
the  equations  expressing  the  stresses  as  functions  of  the  yield  stress 
In  simple  shear  (  A  )  and  the  tube  radius  cannot  be  obtained  In  closed 
form.  Comparison  with  the  plane  strain  case  is  made  for  a  wall  ratio 

4**" 


DO  NOT  RRMOVR  THIS  ABSTRACT  FROM  THK  REPORT 
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CONCLUSIONS 


Th«  NlsM  yield  criterion  nore  accurately  predicta  the  plaatlc 
behaviour  of  the  preaaurlsed  tube  than  the  Tresca  yield  criterion. 

In  predicting  the  nagnltude  and  dlatrlbutlon  of  the  reaidual  atreasea 
occurring  in  the  tube,  aa  a  raault  of  plaatlc  defonaatlon,  the  Nlaea 
yield  criterion  ahould  bn  enployed  to  obtain  nore  reallatlc  valuea, 
particularly  where  the  dealga  of  tubea  having  a  prevloua  hiatory 
of  plaatlc  defonuitlon  la  required 

From  the  compariaon  of  tha  two  cases  fOi-o)  and  J  ® 
we  also  conclude  that  for  the  tube  having  longitudinal  stresses 
of  a  tensile  nature,  a  larger  value  of  Internal  pressure  la  required 
to  Induce  complete  plasticity  In  the  tube. 

For  tubes  having  small  wall  ratios  of  the  order  of  /•  %• 

and  large  diameters,  tha  nagnltude  of  the  stress  can  be  quite 

large.  One  could  then  reasonably  expect  that  tubes  experiencing  large 
tensile  longitudinal  stresses  will  be  capable  of  carrying  higher 
pressures  without  subsequent  plaatlc  deformation. 

Further  analysis  is  required  in  order  to  verify  this  supposition 
and  for  this  purpose  an  Investigation  of  tha  closad>end  tube  is  planned. 


R.  E. 

Chief,  Research  Branch 


Approved; 

.  r  I  L- 

HAROLD  V.  MACKEY,  Lt  Col,  Ord  Corps 
Chief,  Research  &  Engineering  Dlv. 
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INTROOUCTION 


A  great  deal  of  Interest  has  been  shovn  in  the  analysis  of  the 
alastlc-plastlc  behaviour  of  thick-vailed  tubes  because  of  the  appli¬ 
cation  of  these  results  to  the  autofrettage  process  of  cannon. 

The  theoretical  analysis  contained  in  this  report  was  initiated 
in  order  to  evaluate  certain  discrepancies  reported  between  experimental 
and  theoretical  values  for  the  fully  plastic  tube  as  recorded  in  Ref.  1. 
The  analysis  herein  indicates  conclusively  that  an  erroneous  theoreti¬ 
cal  analysis  for  the  Mlses  yield  criterion  was  developed.  Good  agree¬ 
ment  was  obtained  between  the  theoretically  predicted  values  based 
upon  the  present  investigation  and  the  experimental  results  reported 
In  Reference  1 . 

The  determination  of  the  elastic-plastic  behaviour  of  pressurised 

iif 

thick-walled  tubes  has  been  Investigated  by  many  authors  and  many 
solutions  have  been  obtained.  Of  course,  each  solution  depends  upon 
the  assumptions  which  must  be  made  regarding  the  stress-strain  relations, 
yield  criterion,  end  conditions,  compressibility,  incompressibility,  etc. 

The  following  assumptions  were  made  for  the  problem  Inveetlgeted 
and  reported  herein: 

1.  The  tube  is  subjected  to  an  Internal  pressure  only. 

2.  The  tube  material  Is  homogeneous.  Isotropic,  compressible  and 
behaves  as  a  perfectly  plastic  material,  that  is,  once  the  material  at 
a  point  has  yielded,  deformation  will  continue  with  no  further  increase 
in  load. 

3.  The  stress  along  the  longitudinal  axis  of  the  tube  vanishes; 
that  is, 


*  See  Reference  1 
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4.  The  dlsplacemenc  In  a  radial  direction  is  a  function  of  f 
alone  and  does  not  depend  upon  it  . 

5.  The  condition  of  constrained  plastic  deformation  exists,  that 
is,  unrestricted  plastic  flow  is  not  permitted. 

Through-out  the  analysis,  a  right-handed,  orthogonal  coordinate 
system  (n  !•  employed. 
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FORMUUTION 


Consider  the  accompanying  sketch  illustrating  the  tube  cross-section, 
where  O-yO  and  b  denote  the  Internal  (bore) ,  elastic-plastic  inter¬ 
face  and  external  radii,  respectively. 

Note  that  the  shaded  area  corresponds 
to  the  portion  of  the  cube  material 
which  is  still  elastic.  Therefore 
the  elastic  region  lies  in  Che 
range  yO  S  K"  ^  h 

and  the  plastic  region  corresponds  to  the  range 

In  the  elastic  portion  of  Che  tube,  from  Che  mathematical  theory  of 
elasticity,  we  have  Che  following  stress-strain  relations  i 


or  solving  the  above  for  the  stresses  we  obtain 


o 


(6) 
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The  equilibrium  equation  Is 


.  O 
r 


(7) 


oubsti  t  utinpi  (4),  (5)  and  (6)  Into  (7)  yc  obtain  the  following 
citdinarv  differencial  equation,  since  we  have  already  specified 
that  lyL  =  only: 

ci  u  ^  ±  ^  -  it  =  o 


(8) 


This  has  a  solution  of  the  form 


U*  Ar  +  S. 

r 


where  (be  constants  A  and  B  must  be  determined  from  the  boundary 
conditions.  For  the  clastic  region  (yO  —  r'i  b)  these 
boundary  conditions  ate,  using  the  Mlses  criterion  of  yielding, 

r--^  -*  a;*-  o;o;*  tr*  > 


y 

r-b 


cr,*o 


Not  f  thni.  the  Miaea  yield  criterion 


Jj,  'I 


Uhen  written  vn  terms  of  (he  principal  stresses  reduces  to  (10) 
wi  i-i-  A  is  the  yield  stress  in  simple  shear  and 
'.he  •it.iei.s  dfvi  stars. 


(9) 


(10) 


(11) 


(12) 
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Solving  for  A  and  B,  we  write  Oji  and  In  terms  of  A 
and  B,  by  use  of  (4),  (5)  and  (9),  and  have 


(13) 

(14) 


Using  the  boundary  condition  (10),  (13)  and  (14)  we  obtain 


2  X  "1 


(15) 


which  reduces  to 

J 

Applying  (11)  and  (13)  we  have 

whence 


3 

l  +  V'  b 


Using  (16)  and  (18)  we  find 


(16) 


(17) 


(18) 


(19) 


(20) 
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Thurafora,  from  (13) »  (14),  (19)  and  (20)  ve  hava  for  tha 
alaatlc  raglon  ^  ^ha  following  axpraatlona 


for  tha  Btraasaa: 


To  obtain  tha  praaaura,  P  t  for  Inclplant  plastic 
flow  wa  know  that  for 


o;  *-p 


and  (21)  will  be  a  naxlmua  for  K**  *  CL  •  Tharafora 

To  obtain  tha  strassaa  In  tha  plastic  region  (  CL  ^  K** 
wa  nota  that  tha  aqulllbrlua  aquation  (7)  must  be  satisfied. 
Writing  (12)  In  cams  of  tha  stresses  we  have 

cr^-  cTrO,  ♦  o;*'-  o 

which,  when  solved  for  0^  yields 


(21) 


(22) 


(23) 


(24) 


(25) 


(26) 
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To  detarmlne  the  proper  sign  of  the  radical,  we  note  that 


In  the  elaatlc  region,  from  (21)  and  (22) 


which  oaiat  be  valid  at  the  elaatlc-plaatic  Interface.  Thus, 
Cron  (26)  ,  we  anrite 

and  hence,  (28)  can  only  be  aatlafied  If  the  positive  value 
of  the  radical  la  apeclfled.  Therefore 

and  where  the  radical  appeara  we  will  aaalgn  a  poaltlve  value 
to  It. 


Subetltutlng  (29)  Into  (7)  we  obtain 


^r. 

dr 


To  Integrate  the  left  aide  of  (31)  we  employ  a  change  of 
varlablea  aa  folloua:  Let 


zJk 

(fVi)i 


(28) 


(29) 


(30) 


(31) 


(32) 
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and  the  Integral  becomes 

r 


which  can  be  Integrated  directly.  Meking  use  of  the  result! 
obtained  from  (33)  end  writing  (31)  In  terns  of  end  jr 

we  get 


In  ■<  -  In  ft  ICS  t-3)i|]‘t «  /r  tan  '  I l)*(  -  +  M  r-  C. 


where 


We  also  define  the  following: 


The  integrotion  constant  ,  can  now  be  evaluated  from 
the  continuity  condition  at  the  elastic-plsetic  interface,  that 
is,  for 


From  (21)  end  (36)  we  find 


(35) 


(36) 


(37) 


(38) 


(34) 
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(39) 


Therefor* ,  fron  (33)  and  (38) 


£ 


jr^a'-x)* 


In  view  of  (37)  and  using  (39)  in  (34)  we  find 


C.-  (n  +i!j±L‘)  _  /n  n  +  If 
3r/9-»<)‘  L  I*- 


+ 


3Ca-^)* 


(40) 


Since  we  may  re-write  (40)  and  obtain 


Thereforei  (34)  together  with  (41)  yields  the  followiii| 
transcendental  equatlont  irtilch  must  be  solved  by  numeltlctL 
MChods  to  obtain  the  value  of  (Tr  in  the  plastit  s 
rtgion  of  the  tube.  This  equation  is  valid  throughovli  the  tuba. 

)t><-  In  [l+  ainr  fan-'|(rl-f)*| 

Ve  must  also  determine  the  value  of  the  internal  presm.vt  which 
corresponds  to  a  given  value  of  ^  .  This  relationship  o  ney  be 
determined  fron  the  boundary  condition  for 

ITS  au  — ►  •  “  P 
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fxcn  (35)  and  (36) , togathar  with  tha  boundary  condition  (43) , 
wa  hava 

•  S 

<W. 

Evaluating  (42)  at  tha  boundary  K**  OL.  and  using  tha 
ralatlonahlp  (44)jWa  obtain  tha  aquation  ralatlng  p  to  Jif 
which  follows 

In  fi-  /nf7+|(3f-3)'^|j*’  +  Zl/y+an’'|ff-0^| 

+  ift  -  2i/r  1  »o 

;a*+3c<* 


(44) 


(45) 


For  contalnad  plastic  daforaatlon  wa  cannot  panic  tha  value 

of  tha  Internal  pressure  Co  exceed  ~  .  This  is  the  maximum 

pressure  which  can  be  applied  and  corresponds  to  the  condition 

for  eonplata  plasticity  In  the  tubai  that  Is,  when  >0*6 

mas 


Tharefora^to  datanina  P  wa  let  Oi"  ^  and  S*  S  , 


where 


5  - 


In  view  of  tha  abova^(4S)  bacomas 


(«) 


InS*"-  ln[i+|C3S'-3)*|J+  2l/r 

+  In  3<x‘-  1/3  TT  =  O  (« 
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MM 

which  c«n  be  aoWed  by  maerle*!  nethode  for  Q  aad 
mn 

hence ,  • 

In  order  to  heve  pleetle  deformetion  occur,  the  Internel 
preaaure  auet  lie  within  the  following  range 

pf  P 

For  the  above  range  of  equation  (45)  la  valid  in  the 

pleetle  region  A  IT*  ^ J>  )  and  equationa  (21) 

and  (22)  are  valid  in  the  elaatic  region  ^  P’jS  b)  • 

To  detanaine  in  the  pleetle  reglon^one  muat  uee  (29) 

together  with  the  valuae  of  0^  ••  detemlned  fron  (45) . 

If  P  ^  P  then  the  tube  behavior  la  eoaipletely 

I 

elaatic  and  the  well  knofwn  Lane  equationa  apply.  Theae  are 
given  below 

b' 


'5-  *  ^] 


(48) 


(49) 


(30) 
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RESULTS 


Graphical  reiulta  ara  glvan  In  dlmana ionless  form  for 
and  several  values  of  for  the  ease  (vj.o).  For  this  par¬ 
ticular  case  a  direct  comparison  of  the  values  of  VX.  %_ 


is  made  with  similar  results  reported  by  Prager  and  Hodge  for  the  ease 
•  o)  where 

any  given  internal  pressure  the  amount  of  plastic  deformation  will  be 
larger  for  the  case  foi  ■ O  ^  .  Figure  II  shows  the  agreement 


obtained  between  theoretically  predicted  and  experimentally  determined 

p 

values  of  the  dimensionless  pressure,  and  various  wall  ratios 

for  both  the  Mlses  and  Tresea  yield  conditions. 
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